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The reduced C*-algebra of the p-adic group GL(n) is Morita equivalent to an 
abelian C*-algebra. The structure of this abelian C*-algebra is described in terms of 
unramified unitary characters of Levi subgroups. The K-groups K,, and K, are both 
free abelian of intinite rank. Generators are essentially parametrized by two items of 
Langlands data. 81 1987 Academic Press, Inc 
1. INTRODUCTION 
1.1. The Lefschetz principle, according to Harish-Chandra, is a 
guiding principle which says that whatever is true for real reductive groups 
is also true for p-adic groups. In this article we investigate this principle in 
the particular instance of the reduced C*-algebra of GL(n). 
Let G = CL(n) over the p-adic field Q,. Let A4 be a standard Levi sub- 
group, i.e., a block-diagonal subgroup. Let ‘A4 be the subgroup of A4 such 
that the determinant of each block is a p-adic unit. The group X(M) of 
unramitied unitary characters of M consists of those unitary characters 
which are trivial on OM. The group X(M) has the structure of a compact 
torus. 
The algebra G,*(G) is defined as follows. We choose a left-invariant Haar 
measure on G, and form the Hilbert space L2(G). The left regular represen- 
tation 1 of L’(G) on L*(G) is given by 
(w-))(h) =f * k 
where f~ L’(G), h E L’(G) and * denotes convolution. The C*-algebra 
generated by the image of 1 is the reduced C*-algebra C,*(G). 
We prove that C,*(G) is Morita equivalent to an abelian C*-algebra 
C,*(G) = 0 CW(WW,(M)), 
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where one Levi subgroup M is chosen in each conjugacy class, one unitary 
square-integrable representation c of ‘ilil is chosen in each W(M)-orbit, 
and W,(M) is the stabilizer of 0. Here, W(M) is the Weyl group 
N,(M)/M. It follows that 
WC,*(G)) = 0 mJ(JwI~,(w). 
Now X(M) is a compact torus and W,(M) is a product of symmetric 
groups. We show that X(M)/W,(M) is a product of circles and symmetric 
products of circles, and that such a space has the homotopy type of a com- 
pact torus. It follows immediately that the K-groups K, and 1y, are equal. 
Each group is free abelian of infinite rank, with generators essentially 
parametrized by pairs (M, 0) (two items of Langlands data). 
1.2. As a special case of Wassermann’s formula [S], we have the 
Morita equivalence 
C,*(GUn, R)) = 0 Co(@f’,(W). 
In this formula, one standard Levi subgroup A4 is chosen in each con- 
jugacy class, ‘M is the subgroup of M such that the determinant of each 
block is ? 1, A is the vector group M/*,%4, a is the Pontryagin dual of A, 
one unitary square-integrable representation cr of ‘M is chosen in each 
W(M)-orbit, W(M) is the Weyl group N,(M)/M, and W,(M) is the 
stabilizer of 0. It is clear that X(M) = a, where X(M) is the group of 
unitary characters of M which are trivial on ‘M. Comparison of the two 
formulas for the p-adic group GL(n) and the real reductive group GL(n, IR) 
reveals a confirmation of the Lefschetz principle. 
1.3. It is important to take note of the various differences. Some 
groups, including complex groups and SL(n, R), n > 3, have no compact 
Cartan subgroup and therefore no discrete series. By contrast, all p-adic 
groups have compact Cartan subgroups and discrete series in abundance. 
Langlands has conjectured that the discrete series should be parametrized 
by certain homomorphisms of the Weil group (of the local field over which 
the group is defined) into an appropriate group, called the L-group. Even 
the conjectures on how to describe the discrete series of p-adic groups are 
still undergoing refinement. Very recently, however, Kazhdan-Lusztig [lo] 
have constructed a large number of square-integrable representations in 
terms of equivariant K-theory. There is, by contrast, a geometric realization 
of the discrete series, for real semisimple Lie groups with finite centre, in 
terms of L*-harmonic spinors on the corresponding symmetric space. 
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In the p-adic case, each conjugacy class of Levi subgroups contributes to 
the reduced C*-algebra. In the real case, the block-diagonal subgroup A4 
can contain only 2 x 2 blocks or 1 x 1 blocks (otherwise the discrete series 
of ‘A4 is empty). Let M,,, contain the maximal number of 2 x 2 blocks. 
Then the standard Levi subgroup A4 contributes to the reduced C*-algebra 
if and only if A4 = M,,, or M < M,,,. 
In the p-adic case, each conjugacy class of Levi subgroups contributes to 
the K-theory, equally to K. and K,. In the real case, only the conjugacy 
class of M,,, contributes to the K-theory, as explained in [8, Theorem 131. 
Furthermore, the K-theory is concentrated in the mod 2 parabolic rank of 
Mm,,. 
2. UNRAMIFIED UNITARY CHARACTERS OF LEVI SUBGROUPS 
2.1. By a local field F we mean a nonarchimedean local field with 
finite residue field. There are two possibilities: 
(i) If F is of characteristic 0, then F is a finite algebraic extension of 
the p-adic field Q,. 
(ii) If F is of characteristic p, then F is the quotient field of the ring 
F,[ [t]] of formal power series in one indeterminate t with coefficients in 
the Galois field F,. 
We denote the multiplicative group of F by F” . 
We prefer to keep in mind the case F= Q,. In this case the integers in F 
are the p-adic integers H,, and the multiplicative group of Z, is the group 
.Z; of p-adic units. 
2.2. Let n > 1 be an integer. The linear group GL,(F) is the open 
subspace of the n2-dimensional space over F with coordinates 
XI,, x12,-., Xrltl~ defined by det(x,,) # 0. The group GL,,(F) is a locally com- 
pact Hausdorff space. Moreover it is totally disconnected, that is there is 
no connected subset of GL,,(F) with more than one element. 
We shall often write 
G = GL(n) = GL,( F). 
2.3. We denote by P the minimal parabolic subgroup of GL(n) 
comprising all upper triangular matrices, and by 2 the diagonal subgroup 
of GL(n). Let P be a parabolic subgroup containing p, N the unipotent 
radical of P. There exists a unique Levi subgroup M in P which contains 2. 
It is known that P normalizes N and has the Levi decomposition P = MN, 
M n N = { 1). A group M, which can be obtained by such a construction, is 
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called a standard subgroup in G (the notation is M< G) and a triple 
(P, M, N) is called a parabolic triple. Note that P and N are determined by 
M, since P = PA4. 
The standard subgroups of GL(n) are numerated by ordered partitions 
of n: to each partition n, + ‘. + n, = n there corresponds the subgroup 
GL(n,) x ‘.. x GL(n,) embedded in GL(n) as the subgroup of block- 
diagonal matrices. Two standard subgroups are conjugate in GL(n) if and 
only if the ordered partition of one is a permutation of the ordered par- 
tition of the other. 
Let M < G be a standard subgroup, let A be the centre of M. Then M is 
the centralizer in G of A. The group A is a torus, and its dimension is the 
parabolic rank sf P. 
2.4. Let h be a rational character of M, i.e., a homomorphism from 
A4 to F”. Composing with the p-adic valuation L’, we get a map 
We define “M as the intersection of the kernels of all such maps. Now each 
element of SL(k) is a commutator. Therefore the rational characters of 
GL(k) are of the form (det( ))“, rncz Z. Thus ‘A4 is the subgroup of M 
such that the determinant of each block is a p-adic unit. 
2.5. Let (P, A) be a parabolic pair. Let ‘A be the maximal compact 
subgroup of A. Note that when P is a minimal parabolic, A is a maximal 
torus, M= A, ‘M = ‘A, and ‘M is compact. The quotient of A by ‘A is free 
abelian of rank 1 where 1 is the parabolic rank of P. Denoting this quotient 
by A,,, we have 
A=‘AxA,. 
When P = G, the parabolic pair (P, A) is (G, Z) where Z is the centre of G. 
The decomposition Z = ‘Z x Z, is simply F” = U x if’, where U is the mul- 
tiplicative group of p-adic units. 
The Pontryagin duals are given by 
a = (‘A)^  x (A,)“. 
Now (A,)” is a compact torus of dimension I, and (‘A)  ^ is a discrete 
group. Therefore the identity component of the Pontryagin dual of A is the 
compact torus (A o) ’ . 
It is clear that ‘Mc ‘MO,4 c ‘M, therefore ‘M”A = ‘M. Consequently, 
we have ‘MA = oM”AA, = ‘MA,. The group ‘MA, is of finite index in M. 
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2.6. EXAMPLE. Let M= GL(2). The valuation of the determinant of x 
in ‘MA, is an even integer. In fact we have 
SL(2) c ‘GL(2) c GL(2)+ c GL(2), 
where ‘MA, = GL(2)+, those elements x in GL(2) such that u(det x) E 0 
mod 2. In this case ‘MA, is of index two in M. 
2.7. EXAMPLE. Let A be a maximal torus in GL(n). Then M= A, and 
oMAo=oAAo=A=M. 
2.8. The group M/‘M is a finitely generated free abelian group of 
rank 1. Let 1 be a unitary character of M/‘M. The composite map 
M- M/OM-“* u, 
which will be denoted x, is an unramifi:ed unitary character of M. The 
group of unramified unitary characters of M will be denoted X(M). The 
group X(M) has the structure of a compact torus of dimension 1. 
Now ‘MA, is of finite index in M. An unramified unitary character is 
trivial on ‘M and restricts to a unitary character of A,. We obtain in this 
way a map 
X(M) -+ A ,^. 
If we identify, as we may, X(M) and A, with the compact torus T’, then 
the above map is the (n,,..., n,)-fold covering map 
u’ -+ T’. 
where M corresponds to the ordered partition n, + . . . + n, = n. 
3. THE REDUCED DUAL 
We recall that the centre of ‘M is the compact group ‘A. 
3.1. DEFINITION. An irreducible unitary representation of M on com- 
plex Hilbert space is square-integrable if its restriction to ‘M has square- 
integrable coefficients. 
The set of equivalence classes of square-integrable unitary represen- 
tations of M will be denoted E,(M). 
Let M be a Levi subgroup of GL(n) and let 7t be a square-integrable 
unitary representation of M on the complex Hilbert space H(X). The com- 
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pact group X(M) of unramified unitary characters of A4 acts on E,(M) in a 
natural way, 
ct. n)(+x) = x(-x) ax) t-x E w, 
where x E X(M). Since x is trivial on ‘M, the restriction of x. rr to ‘A4 is 
equal to rc 1 ‘M. Therefore the orbits in E,(M), under the action of the 
compact group X(M), are parametrized by elements in E2(‘A4). The action 
of X(M) is not always free. The stabilizer is a product of finite cyclic 
groups, as in [2, p. 241. Therefore the orbit space is a compact torus which 
we continue to denote X(M). 
3.2. Let P be a parabolic with Levi component M and unipotent 
radical N, so that P = M. N. Let B be a square-integrable unitary represen- 
tation of A4 on the Hilbert space H(o). Since A4 N P/N, we may regard u as 
a representation of P. Put 
i,,(a) = Ind$(6y*a), 
where 6, is the module of P, G = GL(n), and Indg is induction from P to 
G. The twisting by Sy’ ensures that i,,(a) is a unitary representation, 
Let A be the centre of M. The Weyl group of G with respect to A, 
denoted W(M), is defined as 
WW = N,(A )lZ,(A 1, 
the normalizer of A in G modulo the centralizer of A in G. Since 
M = Z,(A), we have W(M) = N,(A)/M. If rr is a unitary representation of 
A4 then w. rc is defined as 
(w.7c)(x)=n(yxy-‘) (x E w, 
where w  E W(M) and y is a representative of w  in G. Let cr, cr’ E E,(M). 
Then iGM(a) is equivalent to i,, (0’) if and only if there exists w  E W(M) 
such that O’ = w. 0. Suppose that P, = M, N,, P, = M, N,, (T, E EJM,), 
c2 E E,(M,). If M, and M, are not conjugate in G then &-,,,,(cr,) and 
i,,,(o,) are disjoint. These are consequences of Bruhat’s theory [6, 
pp. 177-1781. 
3.3. Let o E E,(M). Then i,,,,(a) is irreducible [2, p. 72; 3, p. 4421. 
We denote by W,(M) the stabilizer of 0: 
W,(M)= {WC W(M): w.o=a}. 
In fact, W,(M) is also the subgroup of N,(M)/M consisting of those 
elements n such that the X(M)-orbit of o coincides with its conjugate by n. 
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Suppose one standard Levi subgroup M chosen in each conjugacy class 
in G, and one o chosen in each W(M)-orbit in E,(‘M). We recall that the 
reduced dual G, is the support of the Plancherel measure. The following dis- 
joint union is a parameter space for the reduced dual: 
The parametrization is as follows: 
This description of the reduced dual is due to Harish-Chandra [6, p. 367; 
2, p. 73-J 
4. THE REDUCED C*-ALGEBRA 
4.1. The Hecke algebra H(G) is the convolution algebra of locally 
constant measures on G, with compact support, and coefficients in C. 
“Locally constant” means “locally a multiple of a Haar measure.” A choice 
of Haar measure allows us to identify H(G) with the convolution algebra of 
complex-valued, locally constant, compactly supported functions on G. 
The Hecke algebra acts by convolution on L*(G), 
(w-))(h) =f* k h E L*(G). 
The C*-algebra generated by the image of 1 is the reduced C*-algebra 
C,*(G). We shall regard H(G) c C,*(G). 
Let rc be an irreducible unitary representation of G on the complex 
Hilbert space H(n), and let cp E H(G). Then the operator 
is a finite-rank operator on H(n), and therefore has a trace [4, p. 1331. 
4.2. Suppose one Levi subgroup M chosen in each conjugacy class 
in G, and one o chosen in each W(M)-orbit in E,(‘M). Let k, denote the 
C*-algebra of compact operators on the constant Hilbert space H, of 
&44(x~)7 x E X(M). 
Notation. We shall write 
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We define a map c[ as follows: 
2: C,*(G) --f @ I’ (X(M)/‘W,(M), k,). 
x ++ @ n(a, x)(s). 
Let 40 E: H(G) c C,*(G). Consider the function 
fi G,-,c, (0, xl ++ trace n(a, x)(cp). 
This is a good function in the sense of Bernstein-Deligne-Kazhdan [ 1 ]. It 
is therefore supported by finitely many connected components. If II/ E H(G) 
and q=$* *tj then 
trace ~(a, x)(cp) = IINQ, x)(ti)lli, 
where (1. jlZ is the Hilbert-Schmidt norm. Therefore the operator-valued 
function (g, x) I-+ ~(a, x)($) is 0 on the complement of finitely many con- 
nected components of 6,. 
4.3. We regard X(M)/W,(M) as a fundamental domain for the 
action of W,(M) on X(M). Let F be the map 
which sends x to ~(a, x)(q), where cp is a fixed positive element of the 
Hecke algebra, i.e., cp = II/ * * $ for some tj in H(G). Then F(x) is a positive 
operator of finite rank. Furthermore, F is weakly continuous. In fact, if 
<, , rZ are vectors in the Hilbert space H,, then the map x + (5,) F(x) t2) 
is the restriction to a compact fundamental domain of a holomorphic 
function on a complex algebraic variety, as in [6, p, 2701. Also j]F( .)]I is 
bounded by the L’-norm of cp. Consider now the function 
X(M) -+ E4 
which sends K to trace (F(x)). This function is continuous. 
In fact, it is the restriction to the compact torus X(M) of a regular 
function on the complex torus of unramihed (not necessarily unitary) 
characters: see [2, p. 721. Milicic’s Lemma [7, p. 2421 now implies that F 
is norm continuous. 
Let M < G be a standard Levi subgroup of G, and let e E E2( M). Let 
Y’(M) be the group of unramitied (not necessarily unitary) characters of M. 
Then Y(M) has a natural structure of complex algebraic group, isomorphic 
to (C x )‘. Bernstein-Deligne-Kazhdan [ 11 call the map 
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a holomorphic family of G-modules. In our context it would be appropriate 
to call the map 
x H &4(XfJ)~ XEJJM) 
a continuous family of G-modules. 
Positive elements in H(G) span a dense subspace of C:(G). We conclude 
that the map 
is well defined. 
4.4. Take cp~H(G)c L’(G)c C,*(G). By [S, 2.7.31 there exists a 
family z, E (C,*(G))^ = 6, such that 
IIVII = SUP IlqcpN 
Therefore 
Hence 
Therefore CI is injective. 
4.5. We regard 6, as the parameter space U X(M)/W,( M). 
Following Valette [9,2.9], we now prove that the image of a separates the 
pure states of C,(C?,, k), where k is the C*-algebra of compact operators. 
The pure states of C,(G,, k) are of the form 
I-++ <f(n) t, r > (~4, <Ewn), llrll = 1). 
If we have for any x in C,*(G), 
(4x1 t-3 5) = <n’(x) 5’2 5’) 
then, as in 3.2, the representations rc and 7t’ come from the same standard 
Levi subgroup M, i.e., we may write 7~ = 7t(u, x) and rr’ = z((r’, x’). Again by 
3.2, there exists an element of W(M) which conjugates (a, x) and (a’, x’), 
so that we actually have z = K’ in e,. So we have, for any x in C,*(G): 
(7-G) 535) = <n(x) (‘2 5’). 
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But G is a CCR group [4,p. 1331, therefore C,*(G) is CCR. Since n(x) can 
be any compact operator on H(rc), we must have 5 =<‘. So by the 
Stone-Weierstrass theorem [S, 11.1.8], the range of cx is the whole of 
C”G,, k). 
Combining 4.1-4.5, we obtain 
4.6. THEOREM. Let G be the p-adic group GL(n). The direct sum of the 
partial Fourier transforms induces a P-algebra isomorphism 
In this isomorphism, X(M) is the compact torus of unramified unitary 
characters of M, one Levi subgroup M is chosen in each conjugacy class in 
G, one o is chosen in each W(M)-orbit in E,( ‘M), W,,(M) is the stabilizer of 
o, and k, is the P-algebra of compact operators. 
4.7. COROLLARY. The P-algebra C,*(G) is Morita equivalent to an 
abelian P-algebra 
C(GUn)) = 0 W(M, o)), 
where F(M, o) is a fundamental domain for the action of W,(M) on X(M). 
4.8. The semi-finite trace on k, determines a map 
H(G) + 0 C(F(M, a)) 
Define 
by 
cp - 0 trace 46 x)(cp). 
f: H(G) + Map(Irr G, C) 
f,(n) = trace 71((p). 
The map f, is called a trace function, and the Trace Paley-Wiener Theorem 
characterizes the trace functions [I]. The function 
trace 74~~ x)(rp) 
is the restriction, to the reduced dual, of the trace functionf,. 
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5. K-THEORY 
We denote by T the circle group {z E C: Iz[ = 1 } and by T” the n-dimen- 
sional torus U x ... x 8. The symmetric group S, acts in the evident way 
on U”, and we may form the symmetric product Y/S,. 
5.1. LEMMA. The symmetric product T”/S, has the homotopy type of a 
circle. 
Proof (Deligne). Denote the symmetric product Y/S,, of a space X by 
Sym”( X). 
Send the unordered n-tuple {zi,..., z,} to the unique polynomial with 
roots z, ,..., z, and leading coefficient 1. We then have 
Sym”(@“)= {zn+a,~_,z”-’ + ... +a,z+a,:a,#O} rvcx 
since the space of coefficients a,- , ,..., a, is contractible. Hence 
Sym”(U) N U 
via the map which sends {zi ,..., zn} to the product z, ... z,,. 
5.2. Let M be a standard Levi subgroup corresponding to the 
ordered partition n = n 1 + . . . +n,. The group W(M) acts on A4 by per- 
muting blocks of the same size. If there are j sizes, then W(M) is the 
product ofj symmetric groups. The stability subgroup W,(M) is therefore 
a product of k symmetric groups. If W,(M) has m fixed points then 
X(M)/W,(M) rz T” x uk 
by Lemma 5.1. Now m and k depend on ~7 and A4 and we write 
d(M, CJ) = m + k. Since P and K’ of the torus 8' is a free abelian group on 
2’- ’ generators, we have 
5.3. LEMMA. K,C(X(M)/W,(M)) is a free abelian group on 2d(M,n’-’ 
generators, where E = 0, 1. 
It is clear that d(M, CJ) d 1 the parabolic rank of M. 
5.4. The unramified unitary principal series. Let P be a minimal 
parabolic, P= MN. Then M is the diagonal subgroup of GL(n). The 
representations 
{&Ax): x E X(M)) 
comprise the unramified unitary principal series. The Weyl group W(M) is 
S,, and the unramified unitary principal series has parameter space 
WM)IS,. 
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By Lemma 5.1, this space has the homotopy type of a circle. Therefore the 
unramified unitary principal series contributes one generator to K, and K, 
5.5. Topology on the reduced dual. It follows from 4.6 and 5.2 that 
the reduced dual is a locally compact Hausdorff space (in the Jacobson 
topology)-and that each component is an Eilenberg-MacLane space 
K(Z’, 1) with 16dbn. 
5.6. Let K be the maximal compact subgroup GL(n, iZP) and let p 
be left-invariant Haar measure on G such that p(K) = 1. Let eK be the 
characteristic function of K. The Fourier transform C,: x H n(eK) is a con- 
stant projection of rank one on the component described in 5.4 and is zero 
on every other component in the reduced dual, by fundamental results on 
the unramiiied principal series [4]. Hence eK is a generator of &(C,*(G)). 
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